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Classical diagram chases

What are diagram chases?

Diagram chases are a tool in homological algebra used for proving
@ properties
Q@ the existence
of morphisms situated in (commutative) diagrams of prescribed shape.
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Classical diagram chases
Example: deducing a property

Consider the following commutative diagram of abelian groups:

A/ B/ Cl D/

If
@ the rows are exact,
© the blue maps are injective,
© the green map is surjective,
then the red map is injective.
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Classical diagram chases
Example: existence of a morphism

Consider the following commutative diagram of abelian groups:
A B
A B

Claim: There exists a morphism making the left square commutative.

ker ¢©

e
1
1

v

ker ¢
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Example: existence of a morphism

Consider the following commutative diagram of abelian groups:

B/
B

Claim: There exists a morphism making the left square commutative.

D2
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Classical diagram chases
Example: existence of a morphism

Consider the following commutative diagram of abelian groups:

=

ker — x

W——@

e
1
1

v

ker ¢

Claim: There exists a morphism making the left square commutative.
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Classical diagram chases
Example: existence of a morphism

Consider the following commutative diagram of abelian groups:

ker ¢ A B’

L

ker ——— ycA—B

Claim: There exists a morphism making the left square commutative.
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Classical diagram chases
Example: existence of a morphism

Consider the following commutative diagram of abelian groups:

ker ¢ A B’
ker ¢ A 0eB

Claim: There exists a morphism making the left square commutative.
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Classical diagram chases
Example: existence of a morphism

Consider the following commutative diagram of abelian groups:
A B
A B

Claim: There exists a morphism making the left square commutative.

ker ¢©
1
1
1
1

y € ker ¢
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Classical diagram chases
Example: existence of a morphism

Consider the following commutative diagram of abelian groups:

Xx € ker ©

. A B
a | |
A B

y € ker ¢

Claim: There exists a morphism making the left square commutative.
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Classical diagram chases
Example: existence of a morphism

Consider the following commutative diagram of abelian groups:

Xx € ker ©

. A B
a | |
A B

y € ker ¢

Claim: There exists a morphism making the left square commutative.

Because we were working with abelian groups, we were able to use
elements of their underlying sets. J
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Classical diagram chases
Example: existence of a morphism

Consider the following commutative diagram of abelian groups:

Xx € ker ©

. A B
a | |
A B

y € ker ¢

Claim: There exists a morphism making the left square commutative.

Because we were working with abelian groups, we were able to use
elements of their underlying sets. What if we don’t have elements? J
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Abelian categories

Examples of abelian categories

@ Category of abelian groups.

@ Category of modules over a ring.

@ Category of sheaves of abelian groups on a topological space.
@ Category of (quasi-)coherent sheaves on a scheme.

@ Category of chain complexes in an abelian category.
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Classical diagram chases

Abelian categories

Examples of abelian categories

@ Category of abelian groups.

@ Category of modules over a ring.

@ Category of sheaves of abelian groups on a topological space.

@ Category of (quasi-)coherent sheaves on a scheme.

@ Category of chain complexes in an abelian category.

@ Functor categories with values in an abelian category.

@ Any category equivalent to an abelian category. Change of
underlying data structures:

finite dimensional vector spaces +— Ny
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Let ¢ be a morphism. To handle the kernel of ¢ algorithmically . ..

... one has to construct the object kerp,

ker ¢
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Classical diagram chases
Kernel

Let ¢ be a morphism. To handle the kernel of ¢ algorithmically . ..

... one has to construct the object kerp,
its embedding into the object A,
and for every test morphism7: T — A

0

ker o i\

®
s A—B

T

0
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Let ¢ be a morphism. To handle the kernel of ¢ algorithmically . ..

... one has to construct the object kerp,
its embedding into the object A,
and for every test morphismr: T — A
a morphism given by kery’s universal property.

0
ker@//{\
R U
T/K A—— B

e
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its embedding into the object A,
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Classical diagram chases
Kernel

Let ¢ be a morphism. To handle the kernel of ¢ algorithmically . ..

... one has to construct the object kerp,
its embedding into the object A,
and for every test morphismr: T — A
a morphism given by kery’s universal property.

@ KernelEmbedding(y) = &
@ Kernellift(p,7) = 7/K
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Example: existence of a morphism
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: al l
v @

ker A B
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Example: existence of a morphism

ker A B’
: al l
v @

ker A B
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Classical diagram chases
Example: existence of a morphism

ker A B’

: al l

ker A 4 B
i = aok
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Classical diagram chases
Example: existence of a morphism

ker A B

: o |

ker A - B
1 = KernelLift(¢,a o &)
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Classical diagram chases
Example: existence of a morphism

ker A B

: o |

ker A - B
1 = KernelLift(¢,a o &)

What do we do when the diagrams become larger?
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Classical diagram chases
A larger diagram

ker
|
A B C 0
| | |
0 A B o4
|
coker
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Classical diagram chases
A larger diagram

ker
A B C 0
| | |
| | |
0 A B c
coker
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Classical diagram chases

An arbitrarily large diagram

. = CPatl —— cp+1,g+1 — op+2,g+1 — oP+3.9+1 »

. = CP9-1 —— ¢opt+1,9-1 — opP+2,g-1 — COp+3,9-1 5

! ! ! !
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The group valued embedding theorem (Mitchell)
Any small abelian category A admits an exact covariant embedding

F:A— Ab

into the category of abelian groups.
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Classical solutions: embedding theorems

The group valued embedding theorem (Mitchell)
Any small abelian category A admits an exact covariant embedding

F:A— Ab

into the category of abelian groups.

Application: properties of morphisms

Homa(A,B) C  Homap(FA, FB)

v
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Classical diagram chases

Classical solutions: embedding theorems

The group valued embedding theorem (Mitchell)

Any small abelian category A admits an exact covariant embedding

F:A— Ab

into the category of abelian groups.

| A

Application: properties of morphisms

Homa(A,B) C  Homap(FA, FB)

w w
P — Fo
mono g mono
epi ~ epi

v
Posur
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Classical diagram chases

Classical solutions: embedding theorems

The group valued embedding theorem (Mitchell)

Any small abelian category A admits an exact covariant embedding

F:A— Ab

into the category of abelian groups.

v

Application: properties of morphisms

Homa(A,B) C  Homap(FA, FB)

w W
@ > Fo
mono ~ mono
epi ~ epi
iso ~ iso

Posur Constructing morphisms July 11, 2016 13/33



Classical diagram chases
Classical solutions: embedding theorems

Posur Constructing morphisms July 11,2016 14/33



Classical diagram chases

Classical solutions: embedding theorems

Freyd-Mitchell embedding theorem

Posur Constructing morphisms July 11, 2016 14/33



Classical diagram chases

Classical solutions: embedding theorems

Freyd-Mitchell embedding theorem
Any small abelian category A admits an exact fully faithful covariant

embedding
F:A— R—mod

into the category of R-modules for some ring R.
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Classical solutions: embedding theorems

Freyd-Mitchell embedding theorem
Any small abelian category A admits an exact fully faithful covariant

embedding
F:A— R—mod

into the category of R-modules for some ring R.

Application: existence of morphisms
Homa(A,B) =~ Hompg_mod(FA, FB)
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Freyd-Mitchell embedding theorem
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Classical diagram chases

Classical solutions: embedding theorems

Freyd-Mitchell embedding theorem
Any small abelian category A admits an exact fully faithful covariant

embedding
F:A— R—mod

into the category of R-modules for some ring R.

Application: existence of morphisms

Homa(A,B) =~ Hompg_mod(FA, FB)
\ w
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Classical diagram chases

Classical solutions: embedding theorems

Freyd-Mitchell embedding theorem
Any small abelian category A admits an exact fully faithful covariant

embedding
F:A— R—mod

into the category of R-modules for some ring R.

Application: existence of morphisms

Homa(A,B) = Hompg_mod(FA, FB)
\ w
Flp © 2

Problem: This isomorphism between Hom-sets is not constructive.
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Constructive diagram chases
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Constructive diagram chases

Connecting homomorphism in the snake lemma

ker(7)
A B - c 0
(O
0 A m B c
coker(a)
Wanted: ker(~) SN coker(a). J
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Constructive diagram chases

Connecting homomorphism in the snake lemma

c € ker(y)
A B - c 0
(O
0 A m B c
coker(a)
Start: ¢ € ker(7). J
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Constructive diagram chases

Connecting homomorphism in the snake lemma

c € ker(y)
A B = ceC——0
| | d
0 A ——— B c
coker(a)
This lies in C. J
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Constructive diagram chases

Connecting homomorphism in the snake lemma

c € ker(y)

l

A————beB———ceC——0

R

0 A ——— B c
coker(a)
Choose: b € e '({c}). J
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Constructive diagram chases

Connecting homomorphism in the snake lemma

c € ker(y)

l

A————beB———ceC——0

N

0 A m veB ——(C
coker(a)
Map: b Ao J
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Constructive diagram chases

Connecting homomorphism in the snake lemma

c € ker(y)

l

A————beB———ceC——0

N

O0—— dcA = beB —C

coker(a)

Compute: & € p~'(B). J

Posur Constructing morphisms July 11, 2016 16/33



Constructive diagram chases

Connecting homomorphism in the snake lemma

c € ker(y)

l

A————beB———ceC——0

N

O0—— dcA = beB —C

a +im(a) € coker(«)

Map: & — & +im(a). J
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Constructive diagram chases

Connecting homomorphism in the snake lemma

c € ker(y)

l

A————beB———ceC——0
!

T T 1
O0—— dcA = beB —C

a +im(a) € coker(«)

Result: ¢+ @ + im(c). J

Posur Constructing morphisms July 11, 2016 16/33



Constructive diagram chases

Connecting homomorphism in the snake lemma

c € ker(y)

l

A————beB———ceC——0
!

T T 1
O0—— dcA = beB —C

a +im(a) € coker(«)

Result: ¢+ @ + im(«). Independent of the choice. J
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Constructive diagram chases

Connecting homomorphism in the snake lemma

c € ker(y)

l

A————beB———ceC——0
!

T T 1
O0—— dcA = beB —C

a +im(a) € coker(«)

Idea: use relations instead of maps. ¢ +— ¢ '({c}) J

Posur Constructing morphisms July 11, 2016 16/33



Constructive diagram chases

Relations

Let A, B be abelian groups.
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Definition

A subgroup f C A® B is called a relation from A to B.
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Let A, B be abelian groups.

Definition
A subgroup f C A® B is called a relation from A to B.

Example
Let e : B— C be a homomorphism of abelian groups.
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Constructive diagram chases
Relations

Let A, B be abelian groups.

Definition
A subgroup f C A® B is called a relation from A to B.

Example
Let e : B— C be a homomorphism of abelian groups.

I(e) :={(b,c) e B® C|e(b)=c}

is a relation from Bto C
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Constructive diagram chases
Relations

Let A, B be abelian groups.

Definition
A subgroup f C A® B is called a relation from A to B.

Example
Let e : B— C be a homomorphism of abelian groups.

I(e) :={(b,c) e B® C|e(b)=c}

is a relation from B to C, called graph of ¢
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Constructive diagram chases
Relations

Let A, B be abelian groups.

Definition
A subgroup f C A® B is called a relation from A to B.

Example
Let e : B— C be a homomorphism of abelian groups.

[(e) :={(b,c) e B& C|¢(b) =c}
is a relation from B to C, called graph of ¢, and

e :={(c,b) e Ca B|eb) =c}

is a relation from C to B
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Constructive diagram chases
Relations

Let A, B be abelian groups.

Definition
A subgroup f C A® B is called a relation from A to B.

Example
Let e : B— C be a homomorphism of abelian groups.

[(e) :={(b,c) e B& C|¢(b) =c}
is a relation from B to C, called graph of ¢, and

e :={(c,b) e Ca B|eb) =c}

is a relation from C to B, called pseudo-inverse of e.

Posur Constructing morphisms July 11, 2016 17 /33



Constructive diagram chases

Relations

Composition of relations
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Constructive diagram chases

Relations

Composition of relations
Givenf C A@ Band g C B® C, define
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Constructive diagram chases
Relations

Composition of relations
Givenf C A@ Band g C B® C, define

gof:={(a,c)e A C|3IbeB:(ab)ef,(brc)eg}
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Constructive diagram chases
Relations

Composition of relations
Givenf C A@ Band g C B® C, define

gof:={(a,c)e A C|3IbeB:(ab)ef,(brc)eg}

If f and g correspond to maps, this describes their usual composition.
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Constructive diagram chases
Snake lemma revisited

ker(~)
A B - c 0
(O
0 A m B c
coker(a)
Wanted: ker(~) 2, coker(a). J
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Constructive diagram chases
Snake lemma revisited

ker(v)
A B - C 0
| i |
0 A m B o
coker(a)

: )
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Constructive diagram chases
Snake lemma revisited

ker()
VRN lL
A B ‘ C 0
| | |
0 A - B c’
coker(a)

671OL J
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Constructive diagram chases
Snake lemma revisited

ker()
VRN lL
A B ‘ C 0
| | |
0 A - B c’
coker(a)

Bo e Tou J
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Constructive diagram chases
Snake lemma revisited

ker(7)
<N lL
A B - c 0
A A
0 A—r B c
] l \1/
o
coker(a)
pto Bo oy J
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Constructive diagram chases
Snake lemma revisited

ker(7)
<N lL
A B - C 0
(O
0 A—r B c
) l \1/
no
coker(a)
7o o Bo e oy J
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Constructive diagram chases

Snake lemma revisited

ker()
6—1
<N
A B C 0
o 53 Y
0 A m B c
- \_1/
o

coker(a)
0 is a composition of relations! J
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Constructive diagram chases
From relations to generalized morphisms

@ Wanted: a categorical framework for relations. J
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Constructive diagram chases
From relations to generalized morphisms

@ Wanted: a categorical framework for relations.
@ Solution: generalized morphisms. J
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Constructive diagram chases
From relations to generalized morphisms

Let A, B be objects in an abelian category A.
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Relation ~~ generalized morphism (data structure: span)
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Constructive diagram chases
From relations to generalized morphisms

Let A, B be objects in an abelian category A.

Relation ~~ generalized morphism (data structure: span)

v

Equality
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Constructive diagram chases
From relations to generalized morphisms

Let A, B be objects in an abelian category A.

Relation ~~ generalized morphism (data structure: span)

Two spans («, 3) and («/, ') are equal as generalized morphisms if
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Constructive diagram chases
From relations to generalized morphisms

Let A, B be objects in an abelian category A.

Relation ~~ generalized morphism (data structure: span)

Two spans («, 3) and («/, ') are equal as generalized morphisms if

im((a,8): D= AaB)=im((¢/,8): D - A® B).
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Constructive diagram chases

Composition of generalized morphisms
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Composition of generalized morphisms
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Constructive diagram chases

Composition of generalized morphisms

A C

N\ /

D E

N

DXBE
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Constructive diagram chases

Composition of generalized morphisms

N

DXBE

~ Category of generalized morphisms G(A)
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Constructive diagram chases

Pseudo-inverses

Pseudo-inverses

A--m-mmmmmos > B

Posur Constructing morphisms July 11,2016 23/33



Constructive diagram chases

Pseudo-inverses

Pseudo-inverses

e e > B
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Pseudo-inverses

e e > B

L
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Honest morphisms
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Honest morphisms

A embeds into G(A):
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Constructive diagram chases

Honest morphisms

Honest morphisms

A embeds into G(A):
A-----mmm-o0 > B
A—B — ic’jx /
A
Generalized morphisms equal to such a span are called honest. )
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Constructive diagram chases
Computing representatives
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Constructive diagram chases
Computing representatives

Given an honest generalized morphism in G(A), compute the
corresponding morphism in A.
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corresponding morphism in A.
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N
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Constructive diagram chases
Computing representatives

Given an honest generalized morphism in G(A), compute the
corresponding morphism in A.

Q Q
CON A1)
QZ
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Constructive diagram chases
Computing representatives

Given an honest generalized morphism in G(A), compute the
corresponding morphism in A.
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corresponding morphism in A.
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Constructive diagram chases
Computing representatives

Given an honest generalized morphism in G(A), compute the
corresponding morphism in A.
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Constructive diagram chases
Computing representatives

Given an honest generalized morphism in G(A), compute the
corresponding morphism in A.

Q——Q
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Constructive diagram chases
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Constructive diagram chases

Constructive diagram chases

Strategy for constructive diagram chases
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Constructive diagram chases

Constructive diagram chases

Strategy for constructive diagram chases

@ Compute in G(A) using pseudo-inverses and compositions.

Posur Constructing morphisms July 11, 2016 27/383



Constructive diagram chases

Constructive diagram chases

Strategy for constructive diagram chases

@ Compute in G(A) using pseudo-inverses and compositions.

© Compute the honest representative of the resulting generalized
morphism.
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Constructive spectral sequences

Section 3

Constructive spectral sequences
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Constructive spectral sequences

Spectral sequences of bicomplexes
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@ Every cohomological bicomplex gives rise to a cochain complex,
its total cochain complex.
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Constructive spectral sequences

Spectral sequences of bicomplexes

@ Every cohomological bicomplex gives rise to a cochain complex,
its total cochain complex.

@ The total cochain complex admits canonical filtrations.
@ We can compute the associated spectral sequences.
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Constructive spectral sequences

Spectral sequences of bicomplexes

Constructing a generalized morphism CP-9+1 —_, CP+3.9-1

. — P9+t —— gp+1l.aHl —— Cp+2.a+1 —— oP3.g+1 o

. — CP9 —— P+, ——— CopP+2.9 ——— P39 —

. — CP9-1 —— cpt1.9-1 —— CopP+2,9-1 —— Cp+3.9-1

J J ! J
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Constructive spectral sequences

Spectral sequences of bicomplexes

Constructing a generalized morphism CP-9+1 —_, CP+3.9-1

CcP.at1t —— cpt1.gH

\ ~

\ ~
\ \\
\ NN
A} ~
\ b
AR CcPt1.9 ——— CpPt+2.9
\\ \\
AN \\
\\ \\
Y ~
~ ~
~ ~
.. -
1595 CcP+2,9-1 —— (Cp+3,9-1

S ==
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Constructive spectral sequences

Spectral sequences for bicomplexes
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Spectral sequences for bicomplexes

A closed formula for the differentials:
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Spectral sequences for bicomplexes

A closed formula for the differentials:

CP.a+1 ----> oP+3,g+1
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Spectral sequences for bicomplexes

A closed formula for the differentials:

EgQ‘H C---5 CPGt+! ----> oP+3,g+1
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Constructive spectral sequences

Spectral sequences for bicomplexes

A closed formula for the differentials:

EPOTT comms OPGHT —--o) OPH3.G+T - -5y EPTIAH]
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Constructive spectral sequences

Spectral sequences for bicomplexes

A closed formula for the differentials:

QP It PO ey 0P oo oy OPH3.GHT - -5y EPT3AT
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Constructive spectral sequences
CAP Packages

CAP

[LinearAIgebraForCAP]

[ModuIePresentationsForCAP]

[GeneralizedMorphismsForCAP](—[ HomologicaIAIgebraForCAP]

[ComplexesAnd FiIteredObjectsForCAPW l

)
ActionsForCAP
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Constructive spectral sequences
CAP Packages

CAP

[LinearAIgebraForCAP]

[ModuIePresentationsForCAP]

[GeneralizedMorphismsForCAP}—[ HomologicaIAIgebraForCAP]

[ComplexesAnd FiIteredObjectsForCAPW l

)
ActionsForCAP
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Constructive spectral sequences

Download CAP

Download CAP
http://homalg-project.github.io/CAP_project/
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